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By using a Laplace-transform technique, we solve the next-to-leading-order master equation for
charm production and derive a compact formula for the ratio Rc =
F
cc
L
F
cc
2
, which is useful for extracting
the charm structure function from the reduced charm cross section, in particular, at DESY HERA, at
small x. Our results show that this ratio is independent of x at small x. In this method of determining
the ratios, we apply geometrical scaling in charm production in deep inelastic scattering(DIS).
Our analysis shows that the renormalization scales have a sizable impact on the ratio Rc at high
Q2. Our results for the ratio of the charm structure functions are in good agreement with some
phenomenological models.
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1. Introduction
The ep collider at HERA has played a crucial role in
furthering the understanding of the proton,s structure.
In the case of pure photon exchange, the totally inclu-
sive cross section of deep-inelastic lepton-proton scatter-
ing (DIS) has the form
d2σ
dxdQ2
=
2piα2Y+
Q4x
.σr, (1)
where the reduced cross section can be defined by the
structure functions F2(x,Q
2) and FL(x,Q
2) as
σr ≡ F2(x,Q
2)−
y2
Y+
.FL(x,Q
2), (2)
where Y+ = 1 + (1 − y)
2. The structure functions F2
and FL are related to the cross sections σT and σL for
the interaction of transversely and longitudinally polar-
ized virtual photons with protons [1]. The quark parton
model (QPM) predicts σL = 0, which leads to the so-
called Callan-Gross relation FL = 0, where it is further
broken by QCD corrections. Thus, in QCD, the longitu-
dinal structure function FL becomes non-negligible, and
its contribution should be properly taken into account
when F2 is extracted from the measured cross section.
However, the contribution of the longitudinal structure
function FL to the cross section is sizeable only at large
values of the inelasticity y, and in most of the kinematic
range, the relation σr ≈ F2 holds to a very good approx-
imation. The same is true for the contributions F
cc
2 and
F
cc
L to F2 and FL due to the charm quarks.
Therefore, precise measurements of the charm-inclusive
scattering cross section at the ep collider are important
for the understanding of charmed meson production. The
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charmed meson production in deeply inelastic ep scatter-
ing, in the one-photon-exchange approximation, is via
the reaction
e− + p→e− + cc+X. (3)
The reduced cross section is defined as
σccr =
Q4x
2piα2Y+
d2σcc
dxdy
= F
cc
2 (x,Q
2,m2)−
y2
Y+
F
cc
L (x,Q
2,m2)
= F
cc
2 (x,Q
2,m2)(1 −
y2
Y+
Rc). (4)
A measurement of the longitudinal charm structure func-
tion at small x at HERA is important because the F
cc
L
contribution to the charm cross section can be sizeable.
At small values of x, F
cc
L becomes non-negligible, and
its contribution should be properly taken into account
when F
cc
2 is extracted from the measured charm cross
section.
In perturbative QCD (pQCD) calculations, the produc-
tion of heavy quarks at HERA proceeds dominantly
via direct boson-gluon fusion (BGF), where the photon
interacts with a gluon from the proton through the
exchange of a heavy quark pair [2]. In recent years,
both the H1 and ZEUS collaborations have measured
the charm component F
cc
2 of the structure function at
small x and have found it to be approximately ∼30% of
the total at HERA [3].
For the treatment of the charm component of the
structure function, there are basically two different
prescriptions for charm production in the literature.
The first is advocated in [4], where the charm quark is
treated as a heavy quark, and its contribution is given
by fixed-order perturbation theory. This involves the
computation of the boson-gluon fusion process. In the
other approach [5], the charm is treated similarly to a
2massless quark, and its contribution is described by a
parton density in a hadron. Here, we consider the charm
production via boson-gluon fusion, where the charm is
treated as a heavy quark and not a parton. This scheme
is usually called the fixed flavor number scheme (FFNS).
In this scheme, by definition, only light partons (e.g. u,
d, s and g) are included in the initial state for charm
production and the number of parton flavors nf is kept
constant regardless of the energy scales involved. The
boson-gluon fusion gives the correct description of F c2
for Q2 < 4m2c and should remain a reasonable approxi-
mation to F c2 for Q
2≥4m2c. However, the boson-gluon
fusion model will inevitably break down at larger Q2
values because the charm can no longer be treated as
a non-partonic heavy object, and begins to evolve in
a similar manner to lighter components of the quark
sea. Therefore, our estimates in this scheme should be
considered with caution in the region of large Q2. A
cc pair can be created by boson-gluon fusion when the
squared invariant mass of the hadronic final state is in
the region W 2≥4m2c . Because W
2 = Q2(1 − x)x +M2N ,
where MN is the nucleon mass, charm production can
occur well below the Q2 threshold, Q2≈4m2c , at small x
[6].
In this paper, we investigate the NLO corrections to
the Callan-Gross ratio in heavy-quark leptoproduction,
defined asRc =
F c
L
F c
2
, which is an observable that is quanti-
tatively well defined in perturbative quantum chromody-
namics (pQCD). Measurements of the quantity R(x,Q2)
in charm and bottom leptoproduction should provide a
good test of the conventional parton model based on
pQCD. The leptoproduction cross sections σcck (x,Q
2) are
related to the structure functions F cck (x,Q
2), as follows:
F cck (x,Q
2) =
Q2
8pi2αemx
σcck (x,Q
2) (k = T, L), (5)
F cc2 (x,Q
2) =
Q2
4pi2αem
σcc2 (x,Q
2). (6)
These hadron-level cross sections are related to the γ∗g
cross sections through the photon-gluon fusion mecha-
nism [7-9], and it is related to the virtual photon- proton
cross section σγ∗p. Data from deep inelastic scattering
(DIS) experiments at small x exhibit an interesting prop-
erty called geometric scaling [10]. This means that the
total γ∗p cross section is not a function of the two vari-
ables x and Q2 separately but rather a function of the
combinationQ2/Q2s(x) only, where the ”saturation scale”
Qs is defined such that saturation is expected to occur
at Q values below Qs [11-12], as
σγ∗p(x,Q
2) = σγ∗p(τ), (7)
where τ = Q
2
Q2
s
is called a scaling variable [13]. This scal-
ing is a border between dense and dilute gluonic systems.
The saturation scale is customarily assumed to have a
power-like dependence on x, as Q2s(x) = Q
2
0(x/x0)
−λ,
where λ is a parameter that must be determined from ex-
perimental data. In charm production, geometrical scal-
ing is expected to be violated due to the large quark mass
mc≃1.3GeV . Therefore, the scaling variable for charm
production can be obtained by[13]
τc = (1 +
4m2c
Q2
)1+λ
Q2
Q20
(
x
x0
)λ. (8)
In this paper, we apply the quantity of geometrical
scaling in the ratio of the charm structure functions,
Rc, for the NLO analysis. Here, we extend the method
proposed by the authors of Refs.[14-17] by using a
Laplace-transform technique for the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution equations
[18]. We derive a solution for the ratio of the charm
structure functions using the Laplace transform method
for the geometrical scaling at small x. However, our
analysis shows that the predictions for Rc describe with
good accuracy the small x predictions for NLO, and this
analysis is directly independent of the gluon distribution
function. The structure of this article is as follows. In
Sect.2, we briefly present the basic formalism for the
charm structure function at LO up to NLO. In Sect.3,
we use a Laplace-transform technique and predict the
ratio of the charm structure functions at small x. Next,
we use the geometrical scaling in the ratio of the charm
structure functions. These results are discussed in Sect.4.
2. Short theoretical input
The charm quark contributions F ck (x,Q
2,m2c)(k =
2, L) to the proton structure function at small x, where
the gluon contribution is only matter, are given by the
following forms:
F ck (x,Q
2,m2c) = 2xe
2
c
αs(µ
2)
2pi
∫ 1
ax
dy
y2
Ccg,k(
x
y
, ζ)
×G(y, µ2), (9)
where a = 1+ 4ζ(ζ≡
m2
c
Q2
), G(x, µ2) is the gluon distribu-
tion function and µ is the mass factorization scale, which
has been set equal to the renormalization scales µ2 = 4m2c
or µ2 = 4m2c + Q
2. The Ccg,k are the charm coefficient
functions in the LO and NLO analysis as follows:
Ck,g(z, ζ) → C
0
k,g(z, ζ) + as(µ
2)[C1k,g(z, ζ) (10)
+C
1
k,g(z, ζ)ln
µ2
m2c
],
where as(µ
2) = αs(µ
2)
4pi . The coefficient functions, in the
3LO analysis, can be determined [19] as follows:
C0g,2(z, ζ) =
1
2
([z2 + (1− z)2 + 4zζ(1− 3z)− 8ζ2z2]
×ln
1 + β
1− β
+ β[−1 + 8z(1− z)
−4zζ(1− z)]), (11)
and
C0g,L(z, ζ) = −4z
2ζln
1 + β
1− β
+ 2βz(1− z), (12)
where β2 = 1− 4zζ1−z . In the NLO analysis, we can use the
compact form of these coefficients based on Refs.[8,20].
3. Method
We now derive the ratio of the charm structure func-
tions using a Laplace-transform method that was used
by BDHM [14-17]. The coordinate transformation in this
method is
υ ≡ ln(1/x). (13)
The functions Gˆ, ˆCcg,k, and
ˆFF ck in υ-space are then de-
fined by
Gˆ(υ,Q2) ≡ Gˆ(e−υ, Q2) (14)
ˆCcg,k(υ) ≡
ˆCcg,k(e
−υ) (15)
ˆFF ck (υ,Q
2) ≡ (2
αLOs (µ
2)
2pi
e2c)
−1F ck . (16)
In this representation, Eq.(9) reduces to this form
ˆFF ck (
1
a
υ′, Q2) =
∫ υ′
0
Gˆ(ω,Q2) (17)
1
a
e−(υ
′−ω)C0g,k(
1
a
e−(υ
′−ω))dw,
where
Hˆk(υ
′) ≡
1
a
e−υ
′
C0g,k(
1
a
e−(υ
′)). (18)
We introduce the notation that the Laplace transforma-
tion of a function Hˆk(υ
′) is given by hk(s), where
hk(s) ≡ L[Hˆk(υ
′); s] =
∫ ∞
0
Hˆk(υ
′)e−sυ
′
dυ′. (19)
We then reduce Eq.(17) to the form
FF ck (s,Q
2) = L[
∫ υ′
0
Gˆ(ω,Q2)Hˆk(υ
′ − ω); s] (20)
= g(s,Q2)hk(s).
Let us introduce the ratio of the charm structure func-
tions, which is independent of the gluon distribution
function in s space, as
F cL(s)
F c2 (s)
=
hcL(s)
hc2(s)
. (21)
To determine a solution for this ratio, we use the follow-
ing property of the inverse Laplace transformation:
L−1[F (s)G(s)] =
∫ t
0
f(t− τ)g(τ)dτ
=
∫ t
0
g(t− τ)f(τ)dτ. (22)
We then have
L−1[F cL(s)h
c
2(s); υ] = L
−1[F c2 (s)h
c
L(s); υ] (23)
or
∫ υ′
0
F cL(w,Q
2)Ĵ2(υ
′ − w)dw
=
∫ υ′
0
F c2 (w,Q
2)ĴL(υ
′ − w)dw, (24)
where Ĵk(υ
′) = L−1[hck(s); υ
′], (k = 2, L). Based on the
ratio of the charm structure functions, Rc(x,Q2) =
F c
L
F c
2
,
one obtains
∫ υ′
0
Rc(w,Q2)F c2 (w,Q
2)Ĵ2(υ
′ − w)dw
=
∫ υ′
0
F c2 (w,Q
2)ĴL(υ
′
− w)dw. (25)
The ratio Rc was previously studied in the framework of
the kt-factorization approach and determined to be ap-
proximately x independent in the small x region. Indeed,
it has been found that at small x and small Q2 (where
approaches based on perturbative QCD, and on kt fac-
torization give similar predictions [8]) ratio Rc is quite
flat. On the other hand at small x and high Q2, Rc rises
in the framework of perturbative QCD. This can be due
to the small-x re-summation, which is important at high
Q2 [7-9].
Assuming the small-x (x≤0.01) behavior of the ratio to
be Rc(x→0, Q2)≡Rc(Q2), we consider compact formu-
lae for this ratio of the charm structure functions in this
region of x values. Based on the assumption, we trans-
formed to υ-space, where it lies in the interval η < υ < υ′
(where η satisfies the boundary condition for x≤0.01).
Therefore,
Rc(Q2) =
∫ υ′
η
F c2 (w,Q
2)ĴL(υ
′ − w)dw∫ υ′
η
F c2 (w,Q
2)Ĵ2(υ′ − w)dw
. (26)
4The integrations in Eq. (26) are then taken to run from
y = ax to y = 0.01 rather than from y = ax to y = 1. Fi-
nally, we have the ratio of the charm structure functions
in x-space as follows:
Rc(Q2) =
∫ 0.01
ax
x
y
F c2 (y,Q
2)Ccg,L(
x
y
, ζ)dy
y∫ 0.01
ax
x
y
F c2 (y,Q
2)Ccg,2(
x
y
, ζ)dy
y
. (27)
This result is in the framework of the kt- factorization
approach at small x. Based on Eq. (6), the charm
structure function F cc2 is related to the photon-proton
cross section for charm production by the simple rela-
tion σcc2 (x,Q
2) = 4pi2αemF
cc
2 (x,Q
2)/Q2. We know that
the geometrical scaling hypothesis for charm production
means that
σcc2 (x,Q
2) =
1
Q20
f(τc), (28)
where f is a universal, dimensionless function of the scal-
ing variable [13]. The constant Q20 sets the dimension,
and it can be extracted from the data. To determine
this function, one should know the cross section σdp(u)
describing the interaction of the qq color dipole with the
proton and doing the respective integration for the σγ∗p.
Because σdp is not calculable, some models [13], such as
1− exp(−u2), are used, where those values in this model
are compared with the experimental data. In contrast,
there exist some parameterizations of F cc2 whereby the
function f can be calculated by dividing the parameter-
ization F cc2 by Q
2 [12].
Therefore, the charm structure function is scaled by the
geometrical scale as
F cc2 (x,Q
2) =
1
4pi2αem
Q2
Q20
f(τc). (29)
Finally, the ratio of the charm structure functions can be
obtained by the following form:
Rc(Q2) =
∫ 0.01
ax
x
y
f(τc)C
c
g,L(
x
y
, ζ)dy
y∫ 0.01
ax
x
y
f(τc)Ccg,2(
x
y
, ζ)dy
y
. (30)
4. Results and Conclusion
In this section, we intend to use Eq. (30) to extract the
ratio of the charm structure functions at small x at NLO.
The parameters (σ0, x0) were obtained from a fit to the
HERA data [21-22]. We take λc = 0.558±0.038, which
is an optimal value of the parameter λ in charm produc-
tion for mc = 1.3 GeV (as accompanied with statisti-
cal error )[13]. We set the running coupling constant to
Λ = 0.224 GeV , and the theoretical uncertainties in our
result are based on the renormalization scales µ2 = 4m2c
and µ2 = 4m2c +Q
2.
In Fig. 1, we present our results for the ratio Rc = F cL/F
c
2
in charm leptoproduction at NLO. We observe that this
ratio is independent of x for x ≤ 0.01 in a wide range of
Q2. We see that this value is approximately between 0.14
and 0.18 in a region of Q2, and this prediction for Rc is
nearly equal to the results in Refs.[7-9]. While the NLO
result for Rc is independent of x at small x, we can make
use of Eq.(26) and impose the geometric scaling condi-
tion in charm production based on Eq.(30). The solution
of this equation is general, and the only observation that
we can make is that it should generate τc behavior with
respect to λc.
In Fig. 2, we present the ratio Rc as a function of Q2
at x≤0.01 from Eq.(30) with respect to µ2 = 4m2c and
µ2 = 4m2c +Q
2 for the geometrical scaling in charm pro-
duction. We can see that the behavior of this ratio is in
good agreement with the prediction from Refs.[7-9] be-
cause both have a maximum value between Q2 = 10 and
100 GeV 2 and then fall as Q2 increases. These results
are in agreement with the kt- factorization approach [23]
only at small Q2, that is, it continues to rise as Q2 in-
creases. At high Q2 values, our results are dependent
on the renormalization scales. In Fig. 3, we compare
our results at the renormalization scale µ2 = 4m2c + Q
2
with the results in Ref.[7] (N.Ya.Ivanov and B.A.Kinehl,
Eur.Phys.J.C59, 647(2009)) for the ratio Rc because the
authors derived an analytical small-x formula with arbi-
trary values of δ in terms of the Gauss hypergeometric
function. The value of δ is based on the gluon behavior.
The prediction has the following form [7]:
R(δ)(Q2) = 4
2+δ
3+δΦ(1 + δ,
1
1+4ζ )− (1 + 4ζ)Φ(2 + δ,
1
1+4ζ )
[1 + δ(1−δ
2)
(2+δ)(3+δ) ]Φ(δ,
1
1+4ζ )− (1 + 4ζ)(4 − δ −
10
3+δ )Φ(1 + δ,
1
1+4ζ )
, (31)
where the function Φ(r, z) is defined as
Φ(r, z) =
z1+r
1 + r
Γ(1/2)Γ(1 + r)
Γ(3/2 + r)
2F1(
1
2
, 1 + r;
3
2
+ r; z),
(32)
and the hypergeometric function 2F1(a, b; c; z) has the
following series expansion:
2F1(a, b; c; z) =
Γ(c)
Γ(a)Γ(b)
∞∑
n=0
Γ(a+ n)Γ(b + n)
Γ(c+ n)
zn
n!
. (33)
5For x < 0.01, our results are compatible with the results
of Ref.[7] because δ→ 0, and when x=0.01, our results
are compatible with the case where δ→ 12 . We observe
that our results are general and converge to other results
over the entire Q2 range [7-9,23-25]. In Figs.2 and 3, the
Q2 dependence of the ratio Rc is investigated. We con-
clude that the hadron-level predictions for Rc(x→ 0, Q2)
are stable not only under the NLO corrections without
having knowledge about the gluon distribution behavior
but also under the Laplace transform technique in the
limit of the geometrical scaling in charm production. In
addition, the ratio Rc could be a probe of the charm
density in the proton at x≤ 0.01 and at high Q2 >> m2c .
In conclusion, we have tried to determine the ratio of
the charm structure functions using a Laplace transform
technique for the geometrical scaling in charm produc-
tion in deep inelastic scattering for small x. Our result is
model independent for the gluon distribution behavior,
and it is dependent on the running coupling constant
for the NLO analysis and the renormalization scales.
Our results show that the ratio of the charm structure
functions is valid up to x≤0.01, and this is well domain
of geometrical scaling within the saturation models. We
suggest that this method is useful for the extraction of
F c2 from the corresponding reduced cross section because
it is insensitive to the gluon behavior in the QCD input
parameters.
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FIG. 1: The ratio Rc = F cL/F
c
2 as a function of x for different
values of Q2 in NLO analysis.
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FIG. 2: The ratio Rc = F cL/F
c
2 as a function of Q
2 for x≤0.01.
Plotted are the NLO predictions at the renormalization scales
µ2 = 4m2c and µ
2 = 4m2c +Q
2.
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FIG. 3: The same result as in Fig. 2 at the renormalization
scale µ2 = 4m2c +Q
2 compared to the Gauss hypergeometric
function (Eq.31) [7]. The solid curve is the asymptotic ratio
at δ = 0, and the dot-point curve is at δ = 0.5 [7].
